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We newly apply the Batalin, Fradkin and Tyutin (BFT) for- 
malism to the SU(3) flavor Skyrmion model to investigate the 
^ . Weyl ordering correction to the structure of the hyperfine split- 

tings of strange baryons. On the oth 
and Casimir effects are also discussed. 
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Since the SU(2) Skyrine model [0 had been proposed, it is well known 
that baryons can be obtained from topological solutions, known as SU(2) 
Skyrmions, because the homotopy group Us^SUiO,)) = Z admits fermions 
[0, D, If. Using the collective coordinates of the isospin rotation of the 
Skyrmion, Adkins et al. have performed semiclassical quantization hav- 
ing the static properties of baryons within 30% of the corresponding exper- 
imental data. After their work, several authors have suggested interesting 
schemes 0, ^, ||, H, ^, ||, ^ |10|, to improve the predictions of physi- 



cal observables for baryons. Furthermore, the hyperfine splittings for the 
SU(3) phenomenological Skyrmion have been studied in two main schemes. 
Firstly, the SU(3) cranking method exploits rigid rotation of the Skyrmion 
in the collective space of SU(3) Euler angles with full diagonalization of the 
flavor-symmetry breaking terms. Especially, Yabu and Ando |Q proposed 
the exactly diagonalization of the symmetry breaking terms by introducing 
the higher irreducible representation mixing in the baryon wave function, 
which was later interpreted in terms of the multiquark structure [0 in the 



baryon wave function. Secondly, Callan and Klebanov suggested an in- 
terpretation of baryons containing a heavy quark as bound states of solitons 
of the pion chiral lagrangian with mesons. In their formalism, the fluctua- 
tions in the strangeness direction are treated differently from those in the 
isospin directions [^ 0. Recently, Klebanov and Westerberg p, |[ proposed 
rigid rotator approach to the SU(3) Skyrmion, where the rigid motions of the 
SU(3) Skyrmion are separated into the SU(2) rotations and the deviations 
into strange directions to yield the structure of the hyperfine splittings of 
strange baryons. 

On the other hand, quite recently it has been shown that a Hamiltonian 
embedding method ||12| developed by Batalin, Fradkin and Tyutin (BFT), 
which converts the second class constraints into first class ones by intro- 
ducing auxiliary fields, gives an additional energy term in SU(2) Skyrmion 
model[T^. We have also analyzed the symmetric structure of the correspond- 



ing Lagrangian |T4] 



The motivation of this paper is to extend the BFT scheme for the SU(2) 
Skyrmion to the SU(3) fiavor case so that one can investigate the Weyl or- 
dering correction to c the ratio of the strange-light to light-light interaction 
strengths and c that of the strange-strange to light-light. Differently from the 
Klebanov and Westerberg's standard rigid rotator approach^] to the SU(3) 
Skyrmion where the angular velocity of the SU(2) rotation was used, we ex- 



ploit the SU(2) collective coordinates which are naturally embedded in the 
SU(3) group manifold so that, as in the SU(2) flavor case, one can introduce 
the BFT scheme in the SU(3) Skyrmion to yield the modified baryon energy 
spectrum and the structure of the hyperfine splittings of strange baryons. 
Now we start with the SU(3) Skyrmion Lagrangian of the form 

L = ldh-[^tT{d^U^d^U) + ^tT[U^d,U,U^dM? 

+^trM{U + f/t - 2)] + Lwzw, (1) 

where /^ is the pion decay constant and e is a dimensionless parameter, and 
U is an SU(3) matrix. M is proportional to the quark mass matrix given by 

M = diag {ml, ml, 2m|- - ml) 

where 771^^ = 138 MeV, which is often neglected, and mix = 495 MeV. The 



Wess-Zumino-Witten (WZW) term[|T5[ is described by the action 

iN 



WZW 



d're^'^'^^tiil^UJpl, 



2407r^ 7m 

where A^ is the number of colors, /^ = Wd^U and the integral is done on the 
five-dimensional manifold M = V^ x S"^ x / with the three-space volume V, 
the compactified time 5*^ and the unit interval / needed for a local form of 
WZW term. 

Assuming maximal symmetry in the Skyrmion, we describe the hedgehog 
solution Uq embedded in the SU(2) isospin subgroup of SU(3) 

where the r, (z=l,2,3) are Pauli matrices, x = x/r and /(r) is the chiral 
angle determined by minimizing the static mass E given below and for unit 
winding number linir^oo /(^) = and /(O) = vr. On the other hand, since the 
hedgehog ansatz has maximal or spherical symmetry, it is easily seen that 
spin plus isospin equals zero, so that isospin transformations and spatial 
rotations are related to each other. 

Now we consider only the rigid motions of the SU(3) Skyrmion 

U{x,t) = A{t)Uo{x)A{t)^ 



where, to separate the SU(2) rotations from the deviations into strange di- 



rections, the time-dependent rotations can be written as|16 



Ait) ^ ( -^w ; ) Sit) 

with A(t) E SU(2) and the small rigid oscillations S(t) around the SU(2) 
rotations |TB|. Furthermore, in the SU(2) subgroup of SU(3), the spin and 
isospin states can be treated by the time-dependent collective coordinates 
a'" = {a^,a) (/x = 0,1,2,3) corresponding to the spin and isospin rotations 
as in the standard SU(2) Skyrmion 

A{t) = a° + ia-f. 

With the hedgehog ansatz and the collective rotation A(t) G SU(2) in the 
SU(2) embedding in the SU(3) manifold, the chiral field can be given by 
U{x,t) = A{t)Uoix)A^{t) = e^^-^-f'^i'/W where Rab = ItiiTaAnA^). 

On the other hand the small rigid oscillations S, which were also used in 
Ref. IHl, can be described as 



a=A 

where 

V = 



S{t) = expizY^d'^Xa) = exp{W), 

c 

V2D 
V2D^ 




After some algebra, the Skyrmion Lagrangian to order 1/A^ is then given 
in terms of the SU(2) collective coordinates a^ and the strange deviations D 

L = -E--xml + 2Iia^'a^' + 4120^ D + -N{D^D-b^D) 

-xi.'nA - ml)D^D + 2i(Ji - 2l2){D\a^a - cPa + a x a) ■ rD 
—D'^{a^a — a^a + a x a) ■ tD} — ND\a^a — d°a + a x a) ■ tD 

+2(Ji - h2){D^ D){b^ D) - l(Ji - ^l2){D^b + b^Df 
+2l2{D^b - b^Df - -N{D^b - b^D)D^D 

o 

+lx{nil - ml){D^ Df (2) 



where the sohton energy E, the moments of inertia Xi and X2, and the 
strength x of the chiral symmetry breaking are respectively given by 

T Stt P 2 . 2.r.2^ 1 ^^d/ 2 , sinV 

/•oo 

Svr/M drr2(l-cos/). (3) 

JO 
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The momenta vr'^ and vr^, conjugate to the collective coordinates a^ and the 
strange deviation D^ are given by 

7r° = 4Jid° - 2i(Ji - 2l2)iD^d ■ ft) - D^d ■ fD) + ND^a ■ fD 
7f = 4Jia + 2i(Ji-2J2){D^(a°r-ax r)I)-Z)1"(a°r-ax r)L)} 
-A^Dt(a°r-ax r)D 

TT, = 4J2I) - -A^D - 2i(Ji - 2J2) (a°a - a°a + a x a) ■ rZ) 

+2(Ji - ^l2){D^D)D - (Ji - ^X2)P^I) + D^D)D 

-Al2{D^D - D^D)D + -N{D^D)D 

o 

which satisfy the Poisson brackets 

{a^ vr^} = 5'^^ {Dt , Trf } = {D^ < J = <5f . 

Performing Legendre transformation, we obtain the Hamiltonian to order 
1/A^ as follows 

H = E + -yml H tt^tt^ H ttJtTs - i (D'^-Ks - ttJD) + ' 

' O'^ ^ OT /IT •^ * OT *> * S / ' 



2^^ ^ 8J1 4J2 ' 8J2' ' ' 'I6J2 

+X(m^ - ml))D^D + ?(-— - -— ){Z)t(aO^ _ ^^0 ^ ^ ^ ^^j . ^^^ 

4-Li 0x2 

-7r](a°7f - a7r° + a X 7f) ■ rD} H D^(a°7f - an^ + a x tx) ■ fD 



^ {D\s-'JilDf-i^{D\s-'KlD){D^D) 



8X2' ' ' 8J2 

AT^ 2 
+ (Y^-3X«-m^))PW- (4) 

On the other hand, since the physical fields a^ are the collective coor- 
dinates of the SU(2) group manifold isomorphic to the hypersphere S"^, we 
have the second class constraints 

VLi = a^a^ -1^0, 

^2 = a^TT'^^O. (5) 

Here one notes that the derivation of the second constraint is not trivial 
differently from that in the SU(2) Skyrmion model ||13| where the constraints 
(^ also hold. In other words, through the following complicated algebraic 
relations 

{a^'.m = -^7r^-i(^-^)(D^a-rns-nld-TD)-^D^a-rD 
^ ' ^ 4Ji MJi 8X2^^ " 8J2 

-7r](a°f -ax t)D} + -—D^{a°T -ax t)D, 

8X2 

we can obtain the Poisson commutator 

which yields the second constraint of (|^) since the secondary constraint comes 
from the time evolution of Qi. The above two constraints then yield the 
Poisson algebra 



with e^^ = — e^^ = 1. Using the Dirac bracket W7\ defined by 



{A, B}d = {A B} - {A, n,}A'' {fi,,, B} 



with A*^'^ being the inverse of Akk' one can obtain the commutator relations 
{a^,a''}D = 0, 



{a^7^^}^ = 6^'' 



Mn'' 



a^^a 



a" a" 



Now, maintaining the SU(2) symmetry originated from the massless u- 
and (i-quarks and following the abelian BFT formalism [jl2|, jTS) which system- 
atically converts the second class constraints into first class ones, we introduce 
two auxiliary fields $* corresponding to fij with the Poisson brackets 



{$\<I>J} 



AO 



The first class constraints fij are then constructed as a power series of the 
auxiliary fields: 

oo 

a = E^l"^ nf)=fi. (6) 

n=0 

where fi,- are polynomials in the auxiliary fields ^^ of degree n, to be deter- 
mined by the requirement that the first class constraints fij satisfy an abelian 
algebra as follows 

{fi„^} = 0. (7) 

After some algebraic manipulations, one can obtain the desired first class 
constraints 



^1 = (]i + 2<l'\ 



(^2 = fi2-a^a^$^ 



which yield the strongly involutive first class constraint algebra (0). On the 
other hand, the corresponding first class Hamiltonian is given by 



2^^ ^ 8Ji '' 'a''a^ + 2<^ 



1 N N"^ 

4^1 6±2 



-7rJ(a°7f - a7r° + a X vf) ■ tD} + -—D^a^n - an^ + a x if) ■ tD 

8X2 

+ ••• (8) 

where the elhpsis stands for the strange-strange interaction terms of order 
1/A^ which can be readily read off from Eq. (^). Here one notes that the BFT 
corrections for the second class constraints do not affect even the isospin- 
strange coupling terms with the Pauli matrices Tj. The above first class 
Hamiltonian is also strongly involutive with the first class constraints 

Now the substitution of the first class constraints into the Hamiltonian 
(H) yields the Hamiltonian of the form 

2^ "" 8I1 ' 

1 N N"^ 

-ttItt, - i—iD^-n, - nlD) + (— - + X« - ml))D^D 



4J2 " 8J2' " ' 'I6J2 

+i( )\DUa^Tf — avr" + a x vf ) • rvr^ 

-7rJ(a°7f - avr" + a X 7f) ■ tD} -\ D^a^if - an^ + a x if) ■ tD 

8X2 

+ •••• (9) 

Following the symmetrization procedure [p!^] , we obtain the Weyl ordering 
correction to the first class Hamiltonian ® as follows 

+^16X2 + ^^""'^ ~ 0)D^D + ^(^ - i^)(^^^ ■ ^^^ - <^ ■ ^^) 

N . - 
+ DU-TD + ---. (10) 

4X2 

where, as in the SU(2) standard Skyrmion, the isospin operator / is given 

byi 

I = -{a^if — a7r° + a x vf ) 



which itself is invariant under the Weyl ordering procedure. Here, by using 
the SU(2) collective coordinates a^ instead of the angular velocity of the 
SU(2) rotation A'^ A = |a ■ r used in Ref.[|], we have obtained the same 
result (|iy) as that of Klebanov and Westerberg (KW) 0], apart from the 
overall energy shift -^ originated from the BFT correction. 

Following the quantization scheme of KW for the strangeness flavor di- 
rection, one can obtain the Hamiltonian of the form 

H = B + 1;^,„J + A.(P + 1) + A(^ _ l)at„ 



where 



/. = (1 + !!^L_Zi^i/2 



m, 







mo ■- 



and a^ is creation operator for constituent strange quarks and we have ignored 
the irrelevant creation operator b^ for strange antiquarks[^. Introducing the 
angular momentum of the strange quarks 

Jg = —a^ra, 

one can rewrite the Hamiltonian ([TT]) as 

H = E + lml + uoa)a + -^(P + 2c/ • Js + cJI + \) (12) 

2 1X\ 4 



where 






^(/i-1) 



l2f^ 



The Hamiltonian (|1^) then yields the structure of the hyperfine sphttings as 
follows 

5M = ^[cJ(J + l) + (l-c)(/(/ + l)-^^) 

Y^-l 1 
+ (l + c-2c)^^ + -(l + c-c)] 

where J = J + J^ is the total angular momentum of the quarks. 

Next, using the Weyl ordering corrected (WOC) energy spectrum ([T^) , 
we easily obtain the hyperfine structure of the nucleon and delta hyperon 
masses to yield the soliton energy and the moment of inertia 

E = -(AMn-Ma) 

I = ^(Ma-M^)-\ (13) 

Substituting the experimental values M^ = 939 MeV and A^a = 1232 MeV 
into Eq. (|T^ and using the expressions for E and Ti given in Eq. (|^), one 
can predict the pion decay constant f^^ and the Skyrmion parameter e in the 
Weyl ordering corrected rigid rotator approach as follows 

U = 52.9 MeV, e = 4.88. 

With these fixed values of /,r and e, one can then proceed to evaluate the 
inertia parameters as follows 

I{^ = 198 MeV, I^^ = 613 MeV, x~^ = 257 MeV, E = 840 MeV 

to yield the predictions for the values of c and c 

c = 0.27, c = 0.23 (14) 

which are contained in Table 1, together with the experimental data and the 
standard SU(3) rigid rotator and bound state approach predictions.^] Here 

^Here we have the modified predictions c — 0.22 and c = 0.34 of the standard rigid 
rotator without pion mass since the numerical evaluation for the inertia parameters should 
be fixed with the values Jf ^ = 196 MeV, l2^ = 528 MeV, x~'^ = 182 MeV and E = 
866 MeV, instead of If ^ = 211 MeV, l2^ = 552 MeV, x^^ = 202 MeV and E = 
862 MeV which yields c = 0.28 and c = 0.35|8], to be consistent with the parameter fit 
/tt = 64.5 MeV, e — 5.45 used in the massless standard SU(2) SkyrmionB. Also one 
notes that the bound state approach does not include the quartic terms in the kaon field. 



one notes that the niassless SU(3) Skyrmions have the same values of c and 
c both in the standard and WOC cases since the chiral angles are the same 
in these cases. However, in the massive Skyrmions the equation of motion 
for the chiral angle has an additional term proportional to (?7i^/e/^)^[0 to 
yield the discrepancies between the two chiral angles of the standard and 
WOC cases since the standard Skyrmion has the values /^r = 54.0 MeV and 
e = 4.84 different from the above ones in the massive WOC Skyrmion. With 
these chiral angles and values of /,r and e, one can obtain different sets of 
c and c in the massive standard and WOC Skyrmions, which are about 5% 
improved with respect to those of the massless Skyrmions as shown in Table 
1. 

Now we investigate the relations between the Hamiltonian (|T2]) and the 
Berry phases [p!9|j . In the Berry phase approach to the SU(3) Skyrmion, the 



Hamiltonian takes the simple form 

H* = eK + ^{R' - 2gKR ■ Tk + glfl) (15) 

where ex is the eigenenergy in the K state, qk is the Berry charge, R [L) is 
the right (left) generators of the group 5*0(4) ^ SU{2) x SU{2) and Tk is 
the angular momentum of the "slow" rotation. We recall that ^ = 2 ~ ~^ 
and L^ = R^ on S^. Applying the BFT scheme to the Hamiltonian ([TsD we 
can obtain the Hamiltonian of the form 

H* = eK + ^(/^ + QkI- Tk + {^fffl + \). (16) 

In the case with the relation c = c^, the Hamiltonian (|l^) is equivalent to 
H* in the Berry phase approach where the corresponding physical quantities 
can be read off as follows 

^ 1 2 t 

eK = E + -xm^ + ua'a 

Tk = Js 

9K = 2c. (17) 



The same case with the Hamiltonian ([Iq ) follows from the quark model and 
the bound state approach with the quartic terms in the kaon field neglected. 

10 



In fact, the strange-strange interactions in the Hamiltonian (|T2|) break these 
relations to yield the numerical values of c in Table 1. 

Next, in order to take into account the missing order N^ effects, we 
consider the Casimir energy contributions to the Hamiltonian (|12]). The 
Casimir energy originated from the meson fluctuation can be given by the 
phase shift formula [pl|, |2^ 



-g«o"^'(^ + 2 ^"^ £2 ) + 4«i"^'(l + 1^ £2 ) - ^i^i^)} 



+ ••• (18) 

where the ellipsis denotes the contributions from the counter terms and the 
bound states (if any). Here yU is the energy scale and 6{p) is the phase shift 
with the momentum p and the coefficients Oj {i = 0, 1, 2) are defined by the 
asymptotic expansion of S'{p), namely, S'{p) = 3aoP^ + ai — ^ + ■ ■ ■. Even 
though the Casimir energy correction does not contribute to the ratios c and c 
since these ratios are associated with the order 1/A^ piece of the Hamiltonian 
(p!2D, these effects seem to be significant in other physical quantities such as 
the H dibaryon mass|^ which will be studied elsewhere. 
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Table 1: The values of c and c in the bound state and the standard and 
Weyl ordering corrected (WOC) rigid rotator approaches to the massless 
and massive SU(3) Skyrmions compared with experimental data. 



Source 



Bound state, partial 

Rigid rotator, massless standard 

Rigid rotator, massless WOC 

Rigid rotator, massive standard 

Rigid rotator, massive WOC 

Experiment 



0.60 


0.36 


0.22 


0.34 


0.22 


0.34 


0.26 


0.23 


0.27 


0.23 


0.67 


0.27 
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